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Abstract
In this corrigendum, an error in the proof of a theorem in [Linear Algebra and its
Applications 509 (2016) 82–113] is pointed out. This theorem states that every graph
Tn consisting of n− 2 triangles sharing a common base is SPN. An alternative proof
is given here for the case n = 5, but for all n > 5 it remains open whether Tn is SPN.
As a result, the question whether K2,n, n > 4, is SPN also remains open.
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We report an error in the proof of Theorem 6.4 in the paper “SPN graphs: when
copositive = SPN” [4], that we can only partially correct. The error is in Lemma 6.2,
which is incorrect (the error in the proof of this lemma is in the computation of P/I in the
6th row). As a result, also Corollary 6.3 is incorrect, and Theorem 6.4 and the resulting
Theorem 9.2 cannot be deduced. At this point it is unclear whether these two theorems
are valid for every n. We provide in this corrigendum an alternative proof to Theorem 6.4
for the case n = 5, and change Theorem 9.2 accordingly. For terminology and notations,
see the original paper [4].
T5 and K2,4 are SPN
We begin by recalling some known results about the matrices
S(θ) =


1 − cos(θ1) cos(θ1 + θ2) cos(θ4 + θ5) − cos(θ5)
− cos(θ1) 1 − cos(θ2) cos(θ2 + θ3) cos(θ5 + θ1)
cos(θ1 + θ2) − cos(θ2) 1 − cos(θ3) cos(θ3 + θ4)
cos(θ4 + θ5) cos(θ2 + θ3) − cos(θ3) 1 − cos(θ4)
− cos(θ5) cos(θ5 + θ1) cos(θ3 + θ4) − cos(θ4) 1


,
where θ ∈ R5+ and 1
T
θ ≤ π. It is known that
(a) S(θ) is copositive.
(b) S(0) is the Horn matrix. In particular, it is an exceptional extremal matrix in COP5.
(c) If 1Tθ = π, then S(θ) is positive semidefinite, or rank 2.
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(d) If θ > 0 and 1Tθ < π, then S(θ) is an exceptional extremal matrix, called a
Hildebrand matrix.
(e) If θ 6= 0 has at least one zero entry and 1Tθ < π, then S(θ) is an exceptional
N -irreducible matrix.
For (a)–(b), (e), see page 1611 in [1]. For (d) see [3]. For (c), note that in the case that
1Tθ = π,
S(θ) =

1 − cos(θ1) cos(θ1 + θ2) cos(θ4 + θ5) − cos(θ5)
− cos(θ1) 1 − cos(θ2) − cos(θ4 + θ5 + θ1) cos(θ5 + θ1)
cos(θ1 + θ2) − cos(θ2) 1 cos(θ4 + θ5 + θ1 + θ2) − cos(θ5 + θ1 + θ2)
cos(θ4 + θ5) − cos(θ4 + θ5 + θ1) cos(θ4 + θ5 + θ1 + θ2) 1 − cos(θ4)
− cos(θ5) cos(θ5 + θ1) − cos(θ5 + θ1 + θ2) − cos(θ4) 1


=


1
− cos(θ1)
cos(θ1 + θ2)
cos(θ4 + θ5)
− cos(θ5)




1
− cos(θ1)
cos(θ1 + θ2)
cos(θ4 + θ5)
− cos(θ5)


T
+


0
sin(θ1)
− sin(θ1 + θ2)
sin(θ4 + θ5)
− sin(θ5)




0
sin(θ1)
− sin(θ1 + θ2)
sin(θ4 + θ5)
− sin(θ5)


T
.
(See page 1674 in [2].)
Finally, we mention that according to [1, Corollary 5.8], if A ∈ COP5 with diagonal
1 is not SPN, then there exist θ ∈ R5+, 1
T
θ < π and a permutation matrix P such that
P TAP ≥ S(θ). We can now prove the special case n = 5 of [4, Theorem 6.4].
Theorem 1. T5 is SPN.
Proof. Let A ∈ COP5 have G(A) = T5. We may assume that diag(A) = 1. Let i be a
vertex of degree 2 in G(A). If the two off-diagonal entries in row i are both positive, then
A is a 4×4 copositive matrix bordered by a nonnegative row and column, and is therefore
SPN. If the two off-diagonal entries in row i are both negative, then A/A[i] is a 4 × 4
copositive matrix, and therefore A/A[i] is SPN, and so is A. Thus it remains to consider
the case that A has the following pattern, up to permutation of rows and columns:
A =


1 0 0 − +
0 1 0 − +
0 0 1 + −
− − + 1 −
+ + − − 1

 (1)
Suppose on the contrary that A is not SPN. By [1, Corollary 5.8] (and since diag(A) = 1),
P TAP ≥ S(θ) for some θ ∈ R5+ such that
5∑
i=1
θi < π, (2)
and some permutation matrix P . Let S = S(θ). Since P TAP ≥ S, S has at most three
positive entries above the diagonal. The matrix S cannot have a row i with no positive
entry, because otherwise it would be SPN (since the 4×4 copositive matrix S/S[i] would be
2
SPN). Thus S has exactly three positive entries above the diagonal, and by the pattern of
A, these have to be in the same positions as the positive entries of P TAP . By considering
P TAP instead of A, we may assume that A ≥ S. Let B be defined by setting bij = sij
whenever {i, j} is an edge in G(A), and bij = aij = 0 otherwise. Then A ≥ B ≥ S, so
B is also copositive and not SPN. We assume therefore that A = B. That is, A ≥ S is
not SPN, and aij = sij for every edge ij of G(A), and show that in this case there exists
θ
′ ∈ R5+ such that 1
T
θ
′ = π and A ≥ S(θ′). Since such S(θ′) is positive semidefinite, this
contradicts the assumption that A is not SPN.
We first note that
θi ≤ π/2 for every 1 ≤ i ≤ 5. (3)
For if, say, θ5 > π/2, then
∑
4
i=1 θi < π/2, and we would have cos(θi + θi∔1) > 0 for
i = 1, 2, 3, in addition to − cos(θ5) > 0, which would mean that S has at least four
positive entries above the diagonal, contradicting the assumption. So si,i∔1 ≤ 0 for every
i = 1, . . . , 5, and the three positive entries are all of the form si,i∔2 = cos(θi+ θi∔1). There
exist j 6= k such that sj,j∔2 ≤ 0 and sk,k∔2 ≤ 0, that is, θi + θi∔1 ≥ π/2, for i ∈ {j, k}.
Since
∑
i∈{j,j∔1}∪{k,k∔1} θi < π, we must have {j, j ∔ 1} ∩ {k, k ∔ 1} 6= ∅. By further
permuting row and columns we may assume that
θ4 + θ5 ≥ π/2 and θ5 + θ1 ≥ π/2 (4)
As the sum of all elements in θ is less than π, (4) implies that
∑
3
i=1 θi < π/2 and∑
4
i=2 θi < π/2. So the entries si,i∔2 = cos(θi + θi∔1), i = 1, 2, 3, in positions (1, 3), (2, 4)
and (3, 5), are the three positive entries of S. The entries si,i∔1 = − cos(θi), i = 1, . . . , 4,
are negative. And s15 = − cos(θ5), s14 = cos(θ4 + θ5) and s25 = cos(θ5 + θ1) are all
nonpositive, and are the only entries above the diagonal of S that may be zero. There is a
3×3 identity principal submatrix in A. None of the entries (1, 3), (2, 4), or (3, 5) is in this
principal submatrix, so either A[1, 2, 5] = I or A[1, 4, 5] = I. In the first case a12 = 0 > s12
and in the second a45 = 0 > s45. Let ℓ be either 1 or 4, satisfying aℓ,ℓ∔1 = 0 > sℓ,ℓ∔1. By
(4) ∑
i 6=ℓ
θi ≥ π/2. (5)
Let θ′ ∈ R5+ have
θ′i =
{
θi, i 6= ℓ
π −
∑
i 6=ℓ θi , i = ℓ
.
Then
θℓ < θ
′
ℓ ≤ π/2. (6)
(The left inequality follows from (2), the right one from (5).) Of course, θi ≤ θ
′
i for every
i, and 1Tθ′ = π. Thus S(θ′) is positive semidefinite, and A ≥ S(θ′). To assert this
latter inequality observe that aℓ,ℓ∔1 = 0 ≥ (S(θ
′))ℓ,ℓ∔1 by (6), and for i 6= ℓ we have
ai,i∔1 ≥ (S(θ))i,i∔1 = (S(θ
′))i,i∔1. As π ≥ θ
′
i + θ
′
i∔1 ≥ θi + θi∔1 ≥ 0 for every i and cos(t)
decreases on [0, π], ai,i∔2 ≥ (S(θ))i,i∔2 ≥ (S(θ
′))i,i∔2.
Instead of [4, Theorem 9.2], which states that every K2,n is SPN, we prove:
Theorem 2. If Tn+1 is SPN, then the complete bipartite graph K2,n is SPN.
The proof is essentially the same as the proof of [4, Theorem 9.2].
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Proof. By induction on n. For n ≤ 2 this holds since every graph on at most 4 vertices
is SPN. If n > 2 and Tn+1 is SPN, then its subgraph Tn is SPN, and by the induction
hypothesis K2,n−1 is SPN. This implies that each proper subgraph of K2,n is SPN. Thus
we only need to consider the case that A ∈ COP has a connected G−(A). In this case,
there exists a vertex i of degree 2 in G(A), which is incident with two negative edges. By
[4, Lemma 3.4] A/A[i] is copositive, and since G(A/A[i]) = Tn+1, it is SPN. Thus A is
SPN.
Since we only know at this point that Tn, n ≤ 5, is SPN, we can only deduce that
K2,n, n ≤ 4 is SPN.
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